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The Riccati transformation method is used to pick out eigenvalues of a system of 
linear ordinary differential equations on a semi-infinite interval. The eigenvalues are 
determined by the condition which ensures algebraic rather than exponential growth 
of the solutions as the independent variable tends to infinity. Numerical results 
which demonstrate the viability of the Riccati transformation method for this type 
of problem are included. 
1. INTRODUCTION 
In his work on the viscous incompressible boundary layer Goldstein [l] 
obtained similarity solutions for (non-dimensional) mainstreams U(x) of the 
form U(x) = (1 - x)-“, where x measures distance along the wall. He 
showed that there could be solutions with exponential decay for a > 1, 
solutions with algebraic decay for 0 < a < 1 and no solutions for a Q 0. He 
concluded that solutions with algebraic decay were unacceptable as they 
could not be matched to an outer expansion over a finite part of the x axis. 
Brown and Stewartson [2] pointed out that solutions with algebraic decay 
could be allowed provided they held only at singular points and not over a 
finite range of x. Merkin [3] extended the work of Brown and Stewartson by 
obtaining a numerical solution of the boundary layer equations and a series 
expansion for the solution near x = 1. He has shown that if an expansion is 
sought in powers of (1 - x), with the algebraically decaying similarity 
solution as leading term, the expansion breaks down. Values of n may be 
found for which the term 0((1 - x)“) does not have exponential growth, but 
for n > 2a the resulting terms have algebraic growth and the outer boundary 
condition cannot be satisfied. In using the series expansion Merkin solved a 
system of ordinary differential equations. For a 2 1 the system of equations 
has solutions which exhibit exponential/algebraic decay and for 0 < a < 1 it 
351 
0022-247X/8 l/10035 l-06$02.00/0 
Copyright 0 1981 by Academic Press, Inc. 
All rights of reproduction in any form reserved. 
352 BRAMLEY AND SLOAN 
has solutions which exhibit algebraic/exponential growth., In particular 
Merkin solved a differential eigenvalue problem over a semi-infinite interval. 
The eigenvalues in Merkin’s problem are those values of a real parameter for 
which the solutions grow algebraically rather than exponentially as the 
independent variable tends to infinity. 
The Riccati transformation method for the computation of eigenvalues of 
a system of linear ordinary differential equations was first introduced by 
Scott [4] and followed by many authors but we shall refer to Sloan and 
Bramley [S]. For a > 1 the eigenfunctions associated with the boundary 
layer situation mentioned above are decaying functions and Wilks [6] has 
explained how the Riccati transformation method picks out the solution with 
exponential rather than algebraic decay. We used the Riccati method to 
compute the first four eigenvalues associated with a = 1.5 and our results 
agree with those of Merkin. 
The aim of this note is to show that the Riccati method can be used to 
obtain the eigenvalues of a system of linear ordinary differential equations, 
where the eigenvalues are determined by the condition that solutions exhibit 
algebraic rather than exponential growth as the independent variable tends to 
infinity, It will be shown that the solutions agree very closely with the 
solutions obtained by Merkin. 
2. EQUATIONS 
In [3] the eigenvalues and eigenfunctions are calculated for the equation 
f=‘+(a-I)fJ-~-2(2a-n)fbf:,+(a-1-2n).f$f,=O (2.1) 
subject to the boundary conditions f,(O) = f;(O) = 0; f:, has no exponential 
growth as z -+ co. The dashes denote differentiation with respect to z and& 
is given by 
f r + (a - l)faf; + 2a(l -f;‘) = 0 (2.2) 
subject to boundary conditions 
fJ0) =f@) = 0; f ;, --) 1 as z-ice. 
n is the eigenvalue parameter and the aim is to find those values of n for 
which non-trivial solutions of (2.1) exist when a is in the range 0 < a < 1. 
From Merkin we have f, = P,f, + Qnfd for some constants P,, Q, and 
f: - p ew(yY*), fh - YA, where /?=(5a-22n-- l)/(l -a), y=j(l -a) > 0, 
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2 = -2(2a - n)/( 1 - a), Y = z - 6, and 6, = lim, &z -&(z)). In the range 
of a we are considering f L exhibits exponential growth and f & exhibits either 
algebraic growth or decay. As it turns out later in all the cases we consider 
n - 2a > 0 so in all these cases f b exhibits algebraic growth. We are required 
to find an eigensolution to (2.1) subject to algebraic growth rather than 
exponential growth. 
3. METHOD 
We use the Riccati transformation method as in Sloan and Bramley [5] 
and to this end we introduce vectors U, and V and a matrix E defined by 
V=[f,"] and U=EV, (3.1) 
where E = [E,, E,lT. The conditions f,(O) =f ‘,(O) = 0 give E,(O) = E,(O) = 0 
for any choice off::(O). It is readily shown that E,(z) and E*(z) satisfy the 
Riccati equations 
E’, = E, - (1 - a)f,E, - (2n + 1 - a)f ;E: - 2(2a - n)f bE,E2, 
E’, = 1 - (1 - a)foEz - (2n + 1 - a)f’$!?,E, - 2(2a - n)f bEi. 
(3.2) 
This system of equations is integrated numerically from z = 0. For z > 0 
certain singularities have to be traversed and when E, or E, becomes large in 
modulus a switch is made to new dependent variables G, and G, defined by 
where 
frz 
9’[f 1 I, ’ tl= [fhl and G, n G= G [ 1 . 2 
The quantities G, and G, satisfy the Riccati equations 
G;=l-G,G,, 
Gi=-2(2a-n)-(a- 1 -2n)f’JG1-(a- l)foGz-G:. 
(3.3) 
(3.4) 
If the transformation from the E-system to the G-system is carried out at 
z = f then from Sloan and Bramley [5] 
G,(f) = E,(WE,(z3, G*(f) = l/E,@)). (3.5) 
For algebraic behaviour at infinity rather than exponential growth we require 
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P, E 0. We find a combination of the asymptotic forms off L and f i which 
contains only the exponential term. This combination is 
and if it tends to zero as Y-t co the solution has algebraic behaviour at 
infinity. 
Using the notation of Eq. (3.3) 
[O, Yl $ - h + 0 as Y-+00. 
This yields 
and thus the eigenvalue problem is solved when 
YG,-I-+0 as Y--P co. 
This gives G, + I/Y as Y + 0~) and we may therefore determine the eigen- 
value n by the condition that G, = 0 at a truncated infinity. 
In practice the parameter n is prescribed and the system of equations (3.2) 
and (3.4) is integrated from z = 0 to the point x=x, at which G2(z) = 0. 
The value of n is altered in a systematic manner and the curve of n against 
x, is obtained. This curve approaches an asymptote n= constant as x, -+ co. 
It is this value of n which is the required eigenvalue. The other eigenvalues 
are obtained in a similar manner and the computational process is explained 
more fully in Wilks and Bramley [7]. 
The eigenfunctions are calculated by integrating Eq. (2.1) from z = 0 
using f;(O) = 1 with n set equal to the appropriate eigenvalue. There will 
always be an error in the eigenvalue due to the finite number of decimal 
places used and this will result in the exponentially growing solution 
appearing as z becomes large. 
3. RESULTS AND COMMENTS 
The first five eigenvalues for a = 2/3 and l/2 are given in TableI. Merkin 
[3] gave the first three eigenvalues for a = 2/3 and the results in Table I are 
in agreement with these. The interesting point to note is that in both cases 
the gap between consecutive igenvalues is virtually constant, approximately 
0.3275 for a = 213 and 0.4765 for a = 0.5. This even spacing of eigenvalues 
suggests that some kind of analytic approximation might be possible. 




















FIG. 1. Graph off’(z) against z for OL = ;, 
.f 
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FIG. 2. Graph off’(z) against I for (x = 4. 
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TABLE I 
ni for a = 
i 213 112 
1 1.5276 1.2961 
2 1.8553 1.7726 
3 2.1827 2.2535 
4 2.5103 2.7371 
Figures 1 and 2 respectively give the eigensolutions for a = 2/3 and l/2 
plotted on a logarithmic scale. 
It has been shown that the Riccati transformation method may be used to 
compute eigenvalues by selecting solutions with algebraic rather than 
exponential growth. 
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